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a b s t r a c t
The competition graph of a digraph D is a graphwhich has the same vertex set as D and has
an edge between two vertices u and v if and only if there exists a vertex x in D such that
(u, x) and (v, x) are arcs of D. For any graph G, G together with sufficiently many isolated
vertices is the competition graph of some acyclic digraph. The competition number k(G) of
a graph G is defined to be the smallest number of such isolated vertices. In this paper, we
study the competition numbers of completemultipartite graphs.We give upper bounds for
the competition numbers of complete multipartite graphs with many partite sets, which
extends a result given by Park et al. (2009) [4]. In fact, by using these upper bounds, we
compute the exact competition numbers of complete multipartite graphs in which each
partite set has two vertices and the competition numbers of complete multipartite graphs
in which each partite set has three vertices.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
The competition graph C(D) of a digraph D is the (simple undirected) graphwhich has the same vertex set as D and has an
edge between two distinct vertices u and v if and only if there is a vertex x in D such that (u, x) and (v, x) are arcs of D. The
notion of a competition graph was introduced by Cohen [1] as a means of determining the smallest dimension of ecological
phase space.
Roberts [5] observed that, for any graph G,G together with sufficiently many isolated vertices is the competition graph
of an acyclic digraph. He defined the competition number k(G) of a graph G to be the smallest number k such that G together
with k isolated vertices is the competition graph of an acyclic digraph. It is difficult in general to compute the competition
numbers k(G) of arbitrary graphs G, as Opsut [3] showed that the computation of the competition number of a graph is an
NP-hard problem.
An edge clique cover (resp. a vertex clique cover) of a graph G is a family of cliques such that each edge of G (resp. each
vertex of G) is contained in some clique in the family. The smallest size of an edge clique cover (resp. a vertex clique cover) of
G is called the edge clique cover number (resp. the vertex clique cover number), and is denoted by θe(G) (resp. θv(G)). Opsut [3]
gave bounds for the competition number k(G) of a graph G by showing that θe(G) − |V (G)| + 2 ≤ k(G) ≤ θe(G). For
some special graph families, we have explicit formulas for their competition numbers. For example, if G is a chordal graph
without isolated vertices, then k(G) = 1. If G is a nontrivial triangle-free connected graph, then k(G) = |E(G)| − |V (G)| + 2
(see [5]).
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We denote by Kmn the complete multipartite graph on m partite sets in which each partite set has n vertices. We are
interested in the competition number of Kmn . Since a complete bipartite graph K
2
n is connected and triangle-free for n ≥ 2,
k(K 2n ) = n2 − 2n+ 2 (n ≥ 2).
Kim and Sano [2] gave the exact competition number of a complete tripartite graph K 3n :
k(K 3n ) = n2 − 3n+ 4 (n ≥ 2).
Park et al. [4] gave bounds for the competition number of a complete tetrapartite graph K 4n when n is a prime:
n2 − 4n+ 6 ≤ k(K 4n ) ≤ n2 − 4n+ 8 (n ≥ 4).
In addition, Park et al. [4] gave the following upper bound for k(Kmn ).
Theorem 1 ([4]). Let m and n be positive integers such that 3 ≤ m ≤ L(n)+ 2. Then
k(Kmn ) ≤ n2 − n+ 1
where L(n) is the largest size of a family of mutually orthogonal Latin squares of order n.
As Park et al. [4] proposed, it is natural to study the competition number of Kmn for any m ≥ n as a follow-up research.
In this paper, we give an upper bound for k(Kmn ) for anym ≥ nwhere an integer n satisfies certain properties. In fact, those
properties are satisfied by infinitely many integers and our result extends Theorem 1. Interestingly enough, it turns out that
the competition number of Km2 is 2 for any m ≥ 2, and the competition number of Km3 is 4 for any m ≥ 3.
We complete this section by introducing the notations and terminologies frequently used in this paper. For the complete
multipartite graph Kmn , we denote the jth vertex of lth part by v
l
j . We denote the graph with k vertices and no edges by Ik. For
a digraph D, a sequence v1, v2, . . . , vn of the vertices of D is called an acyclic labeling of D if (vi, vj) ∈ A(D) implies i > j. It
is well-known that a digraph D is acyclic if and only if there exists an acyclic labeling of D. For a digraph D and a vertex v of
D, we denote the set {w ∈ V (D) | (v,w) ∈ A(D)} by N+D (v), and the set {w ∈ V (D) | (w, v) ∈ A(D)} by N−D (v). The size of
N+D (v) is called the out-degree of v and the size of N
−
D (v) is called the in-degree of v. In addition, a vertex in N
+
D (v) is called
an out-neighbor of v and a vertex in N−D (v) is called an in-neighbor of v.
2. An upper bound for the competition number of Kmn
We begin this section with some definitions about Latin squares. For a positive integer n, a Latin square of order n is
an n × n array L in which every cell contains an element of {1, 2, . . . , n} such that every row of L is a permutation of
{1, 2, . . . , n} and every column of L is a permutation of {1, 2, . . . , n}. For a Latin square L, we denote the (i, j)-element of L
by L(i, j). For Latin squares L1 and L2 of order n, we say L1 and L2 are orthogonal if for any i, j ∈ {1, 2, . . . , n}, there is a unique
(i∗, j∗) ∈ {1, 2, . . . , n} × {1, 2, . . . , n} such that L1(i∗, j∗) = i and L2(i∗, j∗) = j. The largest size of a family of mutually
orthogonal Lain squares of order n is denoted by L(n). It is well known that L(n) ≤ n− 1 and that L(n) = n− 1 for a prime
power n.
Nowwe introduce a set of ordered pairs of positive integers, which shall play a key role in the rest of this paper. Let Γ be
the set of ordered pairs (n, k) of positive integers n and k for which there exists an acyclic digraphD such that C(D) = K nn ∪ Ik
satisfying the following properties (P1) and (P2).
(P1) There are exactly n2 vertices v ∈ V (D) such that N−D (v) ≠ ∅.
(P2) The set {N−D (v) | v ∈ V (D),N−D (v) ≠ ∅} can be partitioned into {F1,F2, . . . ,Fn} so that Fi is a vertex clique cover of
K nn for each 1 ≤ i ≤ n.
We can show thatΓ has infinitelymany elements as follows. Letm and n be positive integers such that 3 ≤ m ≤ L(n)+2.
Since 1 ≤ m − 2 ≤ L(n), there are (m − 2) Latin squares L1, L2, . . . , Lm−2 of order n which are mutually orthogonal. Park
et al. [4] defined a set Sij of vertices for i, j ∈ {1, 2, . . . , n} as
Sij := {v1i , v2j , v3L1(i,j), v4L2(i,j), . . . , vmLm−2(i,j)},
and they constructed an acyclic digraph D such that C(D) = Kmn ∪ In2−n+1 where
{N−D (v) | v ∈ V (D),N−D (v) ≠ ∅} = {Sij | i, j ∈ {1, 2, . . . , n}}.
Then there are exactly n2 vertices v ∈ V (D) such that N−D (v) ≠ ∅, and the set {N−D (v) | v ∈ V (D),N−D (v) ≠ ∅} has a
partition
{{S1,1+t , S2,2+t , . . . , Sn,n+t} | t ∈ {0, 1, . . . , n− 1}}
where the second index of Sij is reduced in modulo n, and {S1,1+t , S2,2+t , . . . , Sn,n+t} is a vertex clique cover of Kmn for each
t ∈ {0, 1, . . . , n−1}. Therefore, ifm = n, then C(D) = K nn ∪ In2−n+1, and D satisfies (P1) and (P2). Hence (n, n2−n+1) ∈ Γ
for any integer n satisfying 3 ≤ n ≤ L(n) + 2. If n is a prime power, then L(n) = n − 1 and so Γ has infinitely many
elements.
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The following theorem gives an upper bound for k(Kmn ).
Theorem 2. Let n and k be positive integers such that (n, k) ∈ Γ and let n ≥ 2. For any integer m such that m ≥ n,
k(Kmn ) ≤ max{k, max1≤t≤n−1{k(K
t
n)} − 1}.
We have shown that (n, n2 − n + 1) ∈ Γ for a positive integer n such that 3 ≤ n ≤ L(n) + 2. By using Theorem 2 and
this fact, we can show the following theorem, an extension of Theorem 1.
Theorem 3. Let n be a positive integer such that 3 ≤ n ≤ L(n)+ 2. For any integer m such that m ≥ n,
k(Kmn ) ≤ n2 − n+ 1.
Proof. Consider an integerm such thatm ≥ n. Since (n, n2 − n+ 1) ∈ Γ , by Theorem 2, it holds that
k(Kmn ) ≤ max{n2 − n+ 1, max1≤t≤n−1{k(K
t
n)} − 1}. (2.1)
By Theorem 1, k(K tn) ≤ n2 − n + 1 for 3 ≤ t ≤ L(n) + 2. Since k(K 1n ) = 0, k(K 2n ) = n2 − 2n + 2 and n − 1 ≤ L(n) + 1, it
holds that
max
1≤t≤n−1
{k(K tn)} ≤ max1≤t≤L(n)+1{k(K
t
n)} ≤ n2 − n+ 1. (2.2)
Therefore, by (2.1) and (2.2), k(Kmn ) ≤ n2 − n+ 1. 
If n is a prime power, then L(n) = n− 1 and so the following holds.
Corollary 4. Let n be a prime power. For any integer m such that m ≥ n,
k(Kmn ) ≤ n2 − n+ 1.
In the rest of this section, we shall devote ourselves to proving Theorem 2. Given an acyclic digraph D, we use S(D) and
T (D) to denote the set of vertices of Dwith in-degree 0 and the set of vertices of Dwith out-degree 0, respectively. Since an
acyclic digraph has at least one vertex of out-degree 0 and at least one vertex of in-degree 0, S(D) and T (D) are nonempty
for each acyclic digraph D. For acyclic digraphs D1 and D2 satisfying |S(D1)| = |T (D2)|, pasting D2 to D1 means obtaining a
digraph with the vertex set V (D1) ∪ (V (D2) \ T (D2)) and the arc set
A(D1) ∪ (A(D2) \ {(x, v) | v ∈ T (D2), x ∈ N−D2(v)}) ∪ {(x, f (v)) | v ∈ T (D2), x ∈ N−D2(v)}
for some bijective map f : T (D2)→ S(D1). See Fig. 1 for an illustration.
Since D1 and D2 are acyclic digraphs, a digraph obtained by pasting D2 to D1 is also acyclic. Furthermore, it is easy to
check that the competition graph of a digraph obtained by pasting D2 to D1 is equal to (C(D1) ∪ C(D2)) − T (D2) which is
obtained by deleting the vertices in T (D2) from the graph C(D1) ∪ C(D2).
For a digraph D obtained by pasting D2 to D1, the subdigraph of D induced by S(D1) ∪ (V (D2) \ T (D2)) is isomorphic to
D2. For convenience, we use the same symbol D2 to denote it.
Now we are ready to prove Theorem 2.
Proof of Theorem 2. For graphs G and H , we use G ∨ H to denote the graph with vertex set V (G) ∪ V (H) and edge set
E(G) ∪ E(H) ∪ {uv | u ∈ V (G), v ∈ V (H)}. Let q and r be nonnegative integers such thatm = nq+ r where 0 ≤ r ≤ n− 1.
Then Kmn can be regarded as
G(1) ∨ G(2) ∨ · · · ∨ G(q) ∨ G(q+1)
where G(l) ∼= K nn for 1 ≤ l ≤ q and G(q+1) ∼= K rn .
Since (n, k) ∈ Γ , there exists an acyclic digraph D(l) such that C(D(l)) = G(l) ∪ Ik satisfying (P1) and (P2) for each
1 ≤ l ≤ q. Since D(1) contains n2 + k vertices and D(1) satisfies (P1), |S(D(1))| = k. Since T (D(2)) equals the set Ik of isolated
vertices of D(2), we may paste D(2) to D(1) to obtain an acyclic digraph D2. Then, by the definition of pasting,
C(D2) = G(1) ∪ G(2) ∪ Ik
and S(D2) = S(D(2)). Since |S(D(2))| = |T (D(3))| = k, we may paste D(3) to D2 to obtain an acyclic digraph D3. Then, by the
definition of pasting,
C(D3) = G(1) ∪ G(2) ∪ G(3) ∪ Ik
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Fig. 1. A digraph D obtained by pasting D2 to D1 when f : T (D2)→ S(D1) is defined by f (ui) = vi for i = 1, 2.
and S(D3) = S(D(3)). We continue this process until we obtain an acyclic digraph Dq which satisfies
C(Dq) =
q
l=1
G(l) ∪ Ik
and S(Dq) = S(D(q)).
Now we define a digraph D′ as follows. If 0 ≤ r ≤ 1, then let D′ be the digraph Dq ∪ G(q+1) (note that G(q+1) is a graph
with no edges). If 2 ≤ r ≤ n− 1, then D′ is defined as follows. Let
α := max{k, max
1≤t≤n−1
{k(K tn)} − 1}
for simplicity. It follows from the definition of α that k(K rn) ≤ α + 1, and so there is an acyclic digraph D(q+1) such that
C(D(q+1)) = G(q+1) ∪ Iα+1. Since, in an acyclic labeling of D(q+1), the index of any isolated vertex of Iα+1 is lower than that of
any vertex of G(q+1), we may assume that the set of in-neighbors of a vertex in Iα+1 forms a maximal clique of G(q+1) (note
that amaximal clique has r vertices no pair of which is from the same partite set). Furthermore, by symmetry of each partite
set, wemay assume that there is a vertex x ∈ Iα+1 such that N−D(q+1)(x) = {vnq+11 , vnq+21 , . . . , vnq+r1 }. Then the acyclic digraph
D(q+1) − x obtained by deleting the vertex x from D(q+1) has exactly α vertices with out-degree 0. Since |S(D(q))| = k, the
digraph Dq ∪ Iα−k has α vertices with in-degree 0 (note that α ≥ k). Therefore |S(Dq ∪ Iα−k)| = |T (D(q+1) − x)| and so we
may paste D(q+1) − x to Dq ∪ Iα−k. Let D′ be the resulting graph. Then the acyclic digraph D′ satisfies
C(D′) =

q+1
l=1
G(l) − E

∪ Iα (2.3)
where E is the edge set of {vnq+i1 vnq+j1 | 1 ≤ i < j ≤ r}.
Since D(l) satisfies (P2) for each 1 ≤ l ≤ q, there exists a partition {F (l)1 ,F (l)2 , . . . ,F (l)n } of the set {N−D(l)(v) | v ∈
V (D(l)),N−
D(l)
(v) ≠ ∅} such that F (l)i is a vertex clique cover of G(l) for each 1 ≤ i ≤ n. For each 1 < i ≤ m and for each
1 ≤ j ≤ nwe add an arc (vij, v) to D′ for each v satisfying N−D′(v) ∈ F (l)j where l ∈ {1, . . . , ⌈ in⌉−1}. We denote the resulting
digraph by D∗. Since any added arc goes from a vertex in V (G(j1)) to a vertex in V (G(j2)) with j1 > j2, it follows that no
directed cycle is created while obtaining D∗ from D′. Thus it follows that D∗ is acyclic.
We will complete the proof by showing that C(D∗) = Kmn ∪ Iα . Since V (C(D∗)) = V (D∗) = V (D′) = V (Kmn ∪ Iα), it is
sufficient to show that E(C(D∗)) = E(Kmn ).
First, we show that E(C(D∗)) ⊆ E(Kmn ). Consider two vertices in a same partite set; vij1 and vij2 for some positive integers
i, j1, and j2 with j1 ≠ j2. Suppose that there exists a vertex v such that (vij1 , v) and (vij2 , v) are arcs of D∗. Then N−D′(v) ∈ F
(l1)
j1
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Fig. 2. The digraphs D2 and D3 .
and N−D′(v) ∈ F (l2)j2 for some l1, l2 ∈ {1, . . . , ⌈ in⌉ − 1}. Since D′ was constructed by repeated pasting, l1 = l2. Furthermore,
the subdigraph D(l1) of D′ induced by
V (G(l1)) ∪ v ∈ V (G(l1−1)) | v is an out-neighbor of a vertex in G(l1)
satisfies (P2). However, N−D′(v) = N−D(l1)(v) and N−D′(v) ∈ F
(l1)
j1
∩ F (l1)j2 , which contradicts (P2). Thus E(C(D∗)) ⊆ E(Kmn ).
Second, we show that E(Kmn ) ⊆ E(C(D∗)). Consider an edge e ∈ E(Kmn ). Let e = vi1j1v
i2
j2
where 1 ≤ i1, i2 ≤ m and
1 ≤ j1, j2 ≤ n. We first suppose that e ∈ E(G(l)) for some 1 ≤ l ≤ q + 1. If e ∉ E, then by (2.3), e ∈ E(C(D′)) ⊆ E(C(D∗)).
If e ∈ E, then nq + 1 ≤ i1, i2 ≤ nq + r and j1 = j2 = 1. Let v be a vertex satisfying N−D′(v) ∈ F (q)1 . Since 1 ≤ q < i1n and
1 ≤ q < i2n , the arcs (vi11 , v) and (vi21 , v)were addedwhenD∗ was constructed fromD′. Therefore vi1j1 and v
i1
j2
have a common
out-neighbor v in D∗. Thus e ∈ E(C(D∗)). Now we suppose that e ∉ E(G(l)) for any 1 ≤ l ≤ q + 1. Then vi1j1 ∈ V (G(l1)) and
v
i2
j2
∈ V (G(l2)) for some distinct l1 and l2 satisfying 1 ≤ l1, l2 ≤ q+1.Without loss of generality, wemay assume that l1 < l2.
Since F (l1)j2 is a vertex clique cover of G
(l1), there is N−D′(v) ∈ F (l1)j2 for some v ∈ V (D′) such that v
i1
j1
∈ N−D′(v), which implies
that (vi1j1 , v) ∈ A(D′) ⊂ A(D∗). Since l1 < l2, the arc (v
i2
j2
, v) was added when D∗ was constructed. Therefore v is a common
out-neighbor of vi1j1 and v
i2
j2
in D∗. Thus e ∈ E(C(D∗)). Hence E(Kmn ) ⊆ E(C(D∗)).
Since the digraph D∗ is acyclic and C(D∗) = Kmn ∪ Iα , we have k(Kmn ) ≤ α. 
3. The competition numbers of Km2 and K
m
3
In this section, we show the following two theorems.
Theorem 5. For m ≥ 2, k(Km2 ) = 2.
Theorem 6. For m ≥ 3, k(Km3 ) = 4.
First, we will show that k(Km2 ) ≤ 2 and k(Km3 ) ≤ 4. Let D2 and D3 be digraphs defined as follows (see Fig. 2 for
illustrations). For S ⊂ V and x ∈ V , we use S → x to denote the arc set {(v, x) | v ∈ S}.
(i) Let D2 be the digraph with vertex set V (K 22 ) ∪ {z1, z2} and arc set
{v11, v21} → z1, {v11, v22} → z2, {v12, v21} → v11, {v12, v22} → v21 .
(ii) Let D3 be the digraph with vertex set V (K 33 ) ∪ {z1, z2, z3, z4} and arc set
{v11, v22, v32} → z1, {v13, v21, v31} → z4, {v12, v23, v33} → v31,
{v11, v23, v31} → z2, {v12, v21, v32} → v11, {v13, v22, v33} → v12,
{v11, v21, v33} → z3, {v12, v22, v31} → v21, {v13, v23, v32} → v22 .
Note that C(D2) = K 22 ∪ {z1, z2} and C(D3) = K 33 ∪ {z1, z2, z3, z4}.
The digraphs D2 and D3 are acyclic, since the following sequences σ and τ are acyclic labelings of D2 and D3, respectively:
σ : z1, z2, v11, v21, v12, v22
τ : z1, z2, z3, z4, v11, v21, v31, v12, v22, v32, v13, v23, v33 .
We will show that ordered pairs (2, 2) and (3, 4) belong to Γ . Since D2 and D3 have 4 vertices and 9 vertices with an
in-neighbor, respectively, D2 and D3 satisfy (P1). Next, we show that D2 and D3 satisfy (P2). The set of cliques {N−D2(v) | v ∈
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V (D2),N−D2(v) ≠ ∅} is partitioned into {F1,F2}where
F1 = {{v11, v21}, {v12, v22}}, F2 = {{v11, v22}, {v12, v21}},
and both F1 and F2 are vertex clique covers of K 22 . The set of cliques {N−D3(v) | v ∈ V (D3),N−D3(v) ≠ ∅} is partitioned into{F1,F2,F3}where
F1 = {{v11, v22, v32}, {v13, v21, v31}, {v12, v23, v33}},
F2 = {{v11, v23, v31}, {v12, v21, v32}, {v13, v22, v33}},
F3 = {{v11, v21, v33}, {v12, v22, v31}, {v13, v23, v32}},
and each Fi is a vertex clique cover of K 33 . Therefore, ordered pairs (2, 2) and (3, 4) belong to Γ . Since
max{2, k(K 12 )− 1} = 2 and max{4, max1≤t≤2{k(K
t
3)} − 1} = 4,
it holds that k(Km2 ) ≤ 2 for anym ≥ 2 and k(Km3 ) ≤ 4 for anym ≥ 3 by Theorem 2.
The desired lower bounds for k(Km2 ) and k(K
m
3 ) follow from the theorem below.
Theorem 7. For m ≥ 2, k(Kmn ) ≥ 2n− 2.
Proof. Let k = k(Kmn ) for simplicity. There exists an acyclic digraph D such that C(D) = Kmn ∪ Ik. Let Ik := {z1, z2, . . . , zk}.
Since all vertices in Ik have no out-neighbors in D, we may assume that z1, z2, . . . , zk, v1, v2, . . . , vmn is an acyclic labeling
of D.
Consider a vertex vi ∈ V (Kmn ). Let P be the partite set which contains vi and let P ′ = {v′1, . . . , v′n} be a partite set which
does not contain vi. From the fact that vi is adjacent to all the vertices in V (Kmn ) \ P and that any two vertices in P ′ are not
adjacent, we know that we need at least n cliques to cover the n edges viv′1, . . . , viv′n. Thus vi must have at least n distinct
out-neighbors, that is,
|N+D (vi)| ≥ n. (3.1)
Since in the acyclic labeling of D, v1 and v2 are the vertices of the lowest index and the second lowest index among the
vertices of V (Kmn ), respectively, it holds that
N+D (v1) ∪ N+D (v2) ⊆ Ik ∪ {v1}. (3.2)
Let P1 and P2 be the partite sets which contain v1 and v2, respectively.
First, we assume that v1 and v2 are not adjacent. Then v1 and v2 do not have a common out-neighbor in D, that is,
N+D (v1) ∩ N+D (v2) = ∅. (3.3)
By (3.1)–(3.3), we have
k ≥ |N+D (v1) ∪ N+D (v2)| − 1 = |N+D (v1)| + |N+D (v2)| − 1 ≥ 2n− 1 > 2n− 2.
Second, we assume that v1 and v2 are adjacent. Then P1 ≠ P2. Let
A1 := {z ∈ V (D) | z ∈ N+D (v1) ∩ N+D (v) for some v ∈ P2 \ {v2}},
A2 := {z ∈ V (D) | z ∈ N+D (v2) ∩ N+D (v) for some v ∈ P1 \ {v1}}.
Let w be a common out-neighbor w of v1 and v2 in D. Then {v1, v2, w} forms a triangle and so w cannot belong to P1 or P2.
Thus w ∉ A1 ∪ A2. Since any vertex in A1 ∩ A2 is a common out-neighbor of v1 and v2, A1 ∩ A2 = ∅. Since v1 and v2 are
adjacent, there exists a common out-neighbor of v1 and v2. Thus |N+D (v1) ∪ N+D (v2)| ≥ |A1 ∪ A2| + 1. Hence
k ≥ |N+D (v1) ∪ N+D (v2)| − 1 ≥ (|A1 ∪ A2| + 1)− 1 = |A1| + |A2| ≥ 2n− 2
and the proof is complete. 
It follows from Theorem 7 that k(Km2 ) ≥ 2 and k(Km3 ) ≥ 4 and we have proven Theorems 5 and 6.
4. Concluding remarks
Wenote that the competition numbers of Km2 form ≥ 2 and Km3 form ≥ 3 do not depend onm. In fact, the upper bound of
k(Kmn ) given in Theorem 2 is obtained only from competition numbers of K
1
n , . . . , K
n
n . In this context, it would be interesting
to seewhether or not k(Km5 ) is independent ofm, and computing k(K
m
5 ) seems to be a valuable initial step (Corollary 4 shows
that 21 is one of its upper bounds).
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